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Article describes model of interest rates that can be used to value any interest-rate sensitive security.  In demonstrating, authors concentrate mostly on the case of Treasury bond options.

Observation by Ken:  Can it be used to handle the case of negative interest rates?  As I understand it, rates are lognormal in this model, which disallows neg. in. rates.

Second question:  Does this matter?  Supposedly there were neg. interest rates in Switzerland in the 1960’s, and also in Japan during the Asian crisis.
The three key features of the model:

1) Fundamental variable is the short rate.  Changes in short rate dictate all changes in security prices.

2) Model takes as inputs an array of long rates and their associated volatilities.  Together these are called the term structure.

3) Model varies an array of mean interest rates and vols to match the inputs.  This is the calibration.

Further Observations/Assumptions:
· Because this is a one-factor model with the short rate as the factor, changes in all bond yields will be perfectly correlated.

· Furthermore, expected returns on all securities over one period are equal.

· Short rates at any time are assumed to be lognormally distributed.

· No taxes or trading costs.

Valuing Securities

Authors use binomial distribution approach.  If the security’s price today is S, then one period from now, it can be either Su or Sd, each with probability ½.  So the expected price one year from today is ½(Su + Sd).
Now, due to the assumption that all securities should have the same one-period (expected) return in this one-factor model, and because we can lend at the short rate r, then the security’s price today should satisfy the relation


S = [½(Su + Sd)]  /  (1 + r)

Getting Today’s Prices from Future Prices
The above relation tells how to relate today’s prices to prices one step away.  We can extend this to obtain prices one step in the future from prices two steps in the future.  The following numerical example is given:

1) The two step-tree is given, with the current short rate at 10%.  For one step into the future, we expect it to either rise to 11% or fall to 9%, each with equal probability.  (Ken:  Don’t think too much about how they got these numbers.  At this point they’re just saying, we have these numbers for the way the short rate may move, let’s see how we can obtain prices from this tree.)
2) A second tree is given, showing prices for a 2-year zero-coupon Treasury.  We know that at the last time on the tree, prices at all the nodes must be $100, since it is a riskless instrument.

3) Now, we use this to get the price at the top node one period out.  If we discount $100 by 11%, the rate on the top node one period, then we get $100 / (1 + 11%) = $90.09.

4) Similarly, we get the price at the bottom node one period out, by discounting $100 by 9%, the rate at the bottom node one period out, to get $100 / (1 + 9%) = $91.74.

5) So now put these two together:  The price one year from now will be either $90.09 or $91.74, each with equal probability.  So the expected price one year from now is the average of these two, or ½($90.09 + 91.74) = $90.92.

6) We then find today’s price by taking this expected price, and discounting by today’s short rate, using the valuation formula from the last section, to get $90.92 / (1 + 10%) = $82.65.

This is a general procedure for finding the value of a zero of any maturity, provided the tree of short rates goes out far enough.  By working each node as above, we can always make it through such a tree, back to the root, to find the value of such an instrument today.

Observations from Ken:  What is actually varied over the nodes are the interest rates, then prices are obtained from the interest rate changes.  Possibly an unimportant point, but the changes are thought of in terms of interest rates first, and only later are prices obtained from those varied interest rates.

Another observation:  A crucial step in filling out the prices of the tree is the knowledge that at maturity of the bond, the price will be face value, for all nodes of the tree.  This fact is used to get prices at all other nodes of the tree.  Relating to earlier observation:  say you were trying to calibrate to a tree of short rates for a corporation that was not risk-free.  Perhaps then this step would be on more shaky ground – that is, putting in face value at all nodes at maturity.

Finding Short Rates from the Term Structure
This section starts an extended example, which shows how to build a binary tree.  The short rates are not known beforehand, and the volatilities must be solved for.

Convention:  The authors will use an annual yield in their discussions of interest rates.  Specifically, we have that the annual yield y of the N-year zero, in terms of the price S, is given by:


S  =  100 / [(1 + y)N]
And similarly, the yields yu and yd one year from now on the corresponding prices Su and Sd are given by


Su, d  =  100 / [(1 + yu, d)N – 1]
Now, we want to find the short rates, such that the term structure of the model matches that of the market.  The example term structure that will be used in the numerical example here is the following:


Maturity (years)

Yield (%)
Yield Volatility (%)

1


10

20


2


11

19


3


12

18


4


12.5

17


5


13

16

The authors start by getting the price of a one-period zero today by taking its expected value one period in the future, and then discounting by today’s (known) spot rate, 10%.  Now, the price of this zero one period in the future is 100 in all cases, because one period in the future represents maturity for this bond.  So the authors work out


90.91 = [ (1/2)100 + (1/2)100 ] / (1 + 0.10)
so 90.91 is today’s price for a one-period zero.

Short Rates One Period in the Future
Next the goal is to find the short rates one year from now, using the yield and vol for a 2-year zero from the Table above.


Specifically, we now have a 2-step binomial tree.  We wish to find the short rates ru and rd to put into the nodes at the beginning of the 2nd step of the tree.  And we must meet the constraint of matching the 2-year zero price and vol, as listed in the Table above.


So, we have the following situation.  We have a 2-step tree, and we know the price at all 3 of the final nodes.  (There are 3 final nodes, because it is a recombinant tree.)  The price at all final nodes is face value, $100.  We need to find the prices at the nodes of the intermediate step, and at the initial node.  Follow the procedure:

1) We know that today’s short rate is 10%.

2) Guess that the short rate in the up- and down-states of the intermediate step are ru = 14.32 and rd = 9.79.  (Ken:  Again, don’t worry about how they got these numbers too much, they’re just trying to show the tree can be made to match the market prices and vols.  In reality, you would have to do some kind of numerical solver to get these values for ru and rd.)
3) Use the valuation formula – the formula given before that said S = [(1/2)(Su + Sd)] / (1 + r), to get the prices of the 2-year zero at each of the intermediate nodes.  Use the fact that the zero is equal to $100 at all final nodes, and along with the rates ru, rd assumed above, we get

$87.47  =  (1/2)($100 + $100) / (1 + 14.32%)

$91.08  =  (1/2)($100 + $100) / (1 + 9.79%)
as the prices of the 2-year zero at the up and down intermediate time nodes.

4) Use the prices obtained in the last step to get the spot price of the 2-year zero:

$81.16  =  [(1/2)$87.47 + (1/2)$91.08] / (1 + 10%)
where we averaging the two possible 1-step prices, $87.47 and $91.08, and discounting at today's known short rate of 10%, in order to get $81.16, the spot price of the 2-year zero.

5) Finally, we check that the annualized yield on the two-year zero, obtained by solving with the price given above and the yield formula stated previously, agrees with the yield quoted in the market.  So, we have

$81.16  = $100 / [(1 + 11%)2]
which comes out correctly.  Here we are applying the previously stated formula of S = 100 / [(1 + y)N], with S = $81.16, the 2-year zero price obtained from the 2-step tree, y = 11%, the two-year annualized yield taken from the market, and N = 2, the maturity of the transaction.

6) Finally, we solve for the short rate volatility for the second step of the tree.  Given that the possible short rates here are ru = 14.32 and rd = 9.79, and the rates have been assumed to be distributed lognormally, then we get the relation

(2  =  (1/2) ln(14.32/9.79)  =  19%
which again agrees with the market vol.  Question:  Where did I get this formula for the volatility?  This comes from the fact that if you have a sample of size two from any distribution, then the sample variance comes out as:


(1/2) /Sample1 – Sample2/
This is a general probability fact, and I work out this relation in detail in my Rebanato, Chapter 8 Notes.  Now, here, r is lognormal, so ln r is normal, with the same variance.  So, if we take ln 14.32 and ln 9.79 to be the two samples from the distribution of ln r, then we get the formula for (2 given above.

With the numbers worked out in the procedure given above, we have matched the yields and volatilities of the tree to those of the market.

More Distant Short Rates
In this section the authors spell out how to calibrate to the short rate one further period into the future.  This case is a little more difficult than the last one, and some assumptions about the interest rate and its vol must be called into play in order to work the calibration at this step.  Proceeding:

We wish to find the short rate r two years into the future.  Since the tree is re-combinant, then there are 3 possibilities which the short rate may migrate to in the meantime.  Label these possibilities as ruu, rud, and rdd.  Recall that at this point, we know the initial short rate as 10%, and the two possible short rates one year in the future as 14.32% and 9.79%.


In finding the three values ruu, rud, and rdd, we must calibrate to the yield and the volatility of the three-year zero.  Authors say that these values must be found by guessing, or by trial-and-error.  (Ken:  Read as, use a bisection or Newton’s method.)

There’s a problem here though:  we’re using three variables here, ruu, rud, and rdd, in order to solve for only two unknowns, the yield and vol of the 3-year zero.  So, in general, the answer will not be unique.  In fact, there will be an infinity of possible answers.  To get around this, we must invoke the assumptions on the short rate and the vol.

Specifically, recall that the short rate was assumed to be distributed lognormally.  Also recall that the vol is a function of time only.  Spelling out what this gives us, we have

1) One year in the future, if the short rate is 14.32%, then the vol at that node on the tree will come out to be (1/2)ln(ruu / rud).  This specific formula for the vol at a given node was worked out in the last section.

2) And, one year in the future, if the short rate has come out to be 9.79%, then the vol at that node will be given by (1/2)ln(rud / rdd).

3) Now, because the vol is a function of time alone, we must have 

(1/2)ln(ruu / rud)  =  (1/2)ln(rud / rdd)

(
ruu / rud  =  rud / rdd

rud2  =  ruurdd
Question:  What does this equation tell us?  What it says is that, in truth, there really aren’t 3 unknown quantities at this time step.  Because, rud is really determined by the relation given above, once ruu and rdd are known.  So, in the end, we’re using the quantities ruu and rdd to fit for the 2 market quantities, the 3-year yield and vol.  So, 2 equations in 2 unknowns, you most likely will be OK.  (Ken:  The situations where you don’t get a solution are probably pretty pathologic.)
Next, the authors give the answer for this tree as ruu = 19.42%, rud = 13.77%, and rdd = 9.76%.  With these three answers, you get a yield for the three-year zero of 12%, and a vol of 18%, which agrees with the market numbers.

Continuing in this manner, you can calibrate to the yield and vol for all the rest of the time steps.  Because, at each step, you will be able to solve for all the internal short rates in the same manner as given above.  The short rates at the top and bottom of the tree nodes for the time step will determine all the internal nodes.  So you will have two unknowns to solve for, to calibrate to the two market constants, the market yield and vol.

Valuing Options on Treasury Bonds
Now, given the calibration procedure followed from above, and the resulting short rate tree, then various bond options may be valued.

Coupon Bonds as Collection of Zeroes
In this section, the authors use the constructed tree of short rates, to value a coupon-paying Treasury bond.  Specifically, consider a Treasury with:

· 10 percent (annual) coupon,

· $100 face value,

· 3 years left to maturity.

The easiest way to value this bond is by considering it as a portfolio of 3 discount bonds.  The first such bond has a face value of $10 and a maturity of 1 year, the second is also $10, with a maturity of 2 years, and lastly, there is a 3-year zero with a face value of $110.


Now, each of these three zeros can be easily valued by averaging and discounting back through the short rate tree previously constructed.  The author show figures which actually give the numbers thus obtained, though they don’t show the actual computations and formulas.


And, the value of the coupon-paying Treasury is obtained at each node, by adding together all the values of the zeros, at that node, that haven’t yet matured.


With the data of Table 1 given previously, then the price of this 3-year coupon-paying Treasury comes out as $95.51.

Puts and Calls on Treasuries
In this section, the authors give a sample valuation of a European call and put on the Treasury considered in the previous section.  To do so, they employ the lattices of short rates and interest rates worked out previously.


Giving some numbers, they found previously that the 3-year, 10% percent Treasury should sell for $95.51, which is below par.  (Ken:  Just to include as a side-note, so I can keep this stuff straight:  The sub-par price comes from the fact that rates are generally higher than 10% in the tree, so potential buyers will offer less to get a 10% instrument.)

The options to be valued are a European call and a European put, each with maturity two years, and strike price $95.  In order to value these options, we must consider the possible bond values at that time.


To get the possible bond prices, do the following:

1) From the trees worked out previously, the short rate in two years time will be one of 19.42%, 13.77%, or 9.76.

2) With these short rates, then the known 3-year payoff of $110 will be worth one of $92.11, $96.69, or $100.22, respectively.

Continuing on, get the option values:

3) With the given bond prices, then the call will be worth $0, $1.69, or $5.22.

4) Carry out the averaging/discounting procedure:  Specifically:

(a) Average $0 and $1.69 and to get $0.845, and then discount by the “up” short rate in one year’s time, 14.32%, to get

(1/2)($0 + $1.69) / (1 + 14.32%)  =  $0.74

(b) Average $1.69 and $5.22 to get $3.455, and then discount by the “down” short rate in one year’s time, 9.79%, to get

(1/2)($1.69 + $5.22) / (1 + 9.79%)  =  $3.15
(c) Given steps (a) and (b), then we have all the possible values for the option in one year’s time.  So, if we average and discount one more time, then we’ll get the present value for the option.  The spot short rate is 10%, so this calculation is given as

(1/2)($0.74 + $3.15) / (1 + 10%)  =  $1.77
which is the final answer:  $1.77 is the price of the European call.

Similar calculations give a value of $0.57 for the put.

The procedure given above is the general strategy for valuing European options.  Find the value of the option at any node as the discounted expected value from one step in the future.  American options require just a little more effort.  At each node, you must compare the value obtained if held – that is, the discounted expected value as worked out above – with the value if exercised early.  (For the early exercise value in the case of the call, take the bond’s value at that node from the lattice, and subtract off the strike price.)  The value at the node will be given by the greater of the two quantities.

Option Hedge Ratios
In this section, the authors define the hedge ratio (, and discuss how to obtain it from the trees of the previous sections.  The hedge ratio gives the relation of how much option prices change in response to changes in the price of the underlying bond.


The formula for the hedge ratio ( is


(call = (Cu – Cd) / (Tu – Td)
where Cu, d are the values of the call in the up- and down-nodes of the tree one period into the future, and Tu, d are the corresponding Treasury prices.  (Ken:  Note that we will actually have Cu < Cd and Tu < Td, because the u and d refer to movements of the interest rate, rather than to movements of the Treasury price.) A similar formula holds for the put hedge ratio, (put, with the corresponding up- and down-node put prices, Pu, d.


Putting in numbers for the two-year call on the 3-year Treasury, studied in the previous section, then we get the prices for the first time step, Cu - Cd = 0.74 – 3.15 = -2.41.  And for the Treasury, Tu – Td = 91.33 – 98.79 = -7.46.  Substituting these into the formula for the hedge ratio (call, we get (call = -2.41 / -7.46 = 0.32.

This number gives us the change in the call value per dollar change in the Treasury value, and thus lead to a strategy for hedging the Treasury with the call, and vice versa.  (Ken:  The authors don’t actually lay out that strategy here.  My guess on what such a strategy might entail:  Say you have a portfolio with some Treasuries and some calls.  (Each quantity may be long or short, corresponding to positive/negative amounts of the securities.)  Then you can keep the value of your portfolio constant by using the hedge ratio.  Say the Treasuries go up in value, then you can keep the portfolio value constant by shorting some calls.  Something like that.)

The authors observe that (call > 0, because the call goes up in value when the Treasury goes up in value.  Conversely, if you run the numbers, you will get (put < 0, because the put will go down in value if the Treasuries rise.

